The natural orbitals and their corresponding occupation numbers are constructed for several interesting problems to demonstrate that the existence of negative natural orbital occupation numbers for single reference correlation methods provides a simple diagnostic for the need for a multiconfigurational description of the wave function.
I. INTRODUCTION
It is well known that not all chemical species can be well represented by a single configuration wave function. Equivalently, an adequate qualitative description of such species requires more than one simple Lewis structure. 1 Since the use of a wave function that is based on a single configuration description can lead to a poor description of the properties of the system one is studying, it is of interest to have one or more diagnostics that are general enough to apply to any level of theory as predictive tools to flag potentially suspect wave functions. Of particular import in this regard are two landmark contributions by Lowdin. 2 The first of these was the demonstration that for a given atomic basis, the exact wave function may be represented by a complete configuration interaction ͑CI͒ within that basis. The second important contribution was the definition of the natural orbitals ͕ i ͖ as the eigenvectors of the first order density matrix , and the demonstration that these natural orbitals provide a unique description in the limit of the exact wave function. The eigenvalues of the first-order density matrix are called the natural orbital occupation numbers i ͑NOON͒. Because of the Pauli exclusion principal, no orbital may have an occupation number greater than 2 ͑one electron for each spin͒. Since the first-order density matrix is positive definite, there are no negative NOONs. In a simple closed shell, single configuration wave function, the occupied orbitals all have i ϭ2.0, while the unoccupied ͑virtual͒ orbitals have 0.0 occupation numbers.
Several diagnostics have been proposed to aid in determining when a multiconfigurational description of the wave function might be important. Pulay 3 has made the very important observation that in a multiconfigurational wave function, if a putative virtual orbital has a NOON of 0.1 or greater, one should not rely on a single configuration description of the species of interest. Of course, this determination requires construction of a multiconfigurational wave function. For neutral molecule restricted Hartree-Fock ͑RHF͒ wave functions, a negative virtual orbital energy is frequently taken to be an indication that the single configuration wave function does not provide an adequate descrip-tion of the system, while for unrestricted Hartree-Fock ͑UHF͒ wave functions, significant spin contamination may be used as a diagnostic. 1 The stability tests ͑e.g., RHF→UHF, real→complex) developed by Pople and coworkers also serve as diagnostics for Hartree-Fock wavefunctions. 4 A common, although not necessarily correct, practice is to assume that correction of Hartree-Fock wave functions by adding correlation, most commonly by adding second-order perturbation corrections, ameliorates the need for a multiconfiguration description. Aside from the T 1 and S 2 diagnostics proposed by Lee and co-workers for coupled cluster and second-order perturbation theory wave functions, 5͑a͒͑b͒ and a recently proposed alternative normalization of these called D 1 ͑MBPT2͒ and D 1 ͑CCSD͒, 5͑c͒ it is less obvious how one might test single configuration-based correlated wave functions for their ability to provide a reliable description for the system of interest. In this work, we propose that the natural orbital occupation numbers provide a general, consistent diagnostic for the breakdown of single configuration-based wave functions.
For fully variational wave functions, such as Hartree-Fock ͑HF͒ self-consistent field ͑SCF͒ and multiconfigurational ͑MC͒ SCF 1 wave functions ͑or the exact wave func-tion͒ ⌿, which satisfy the Hellmann-Feynman theorem, 6 the first-order density is well defined as ͉⌿͉ 2 , and the natural orbitals are the eigenfunctions of this density matrix. The density matrix for partially variational wave functions, such as those obtained from a truncated CI, is frequently obtained in the same manner, as are the corresponding natural orbitals. For nonvariational methods, for which the Hellmann-Feynman theorem is not satisfied, several authors have noted that it is preferable to use the ''relaxed'' or ''generalized'' or ''effective'' density for the prediction of first-order properties, rather than simply ͉⌿͉ 2 , where ͑for example͒ ⌿ is the sum of the zeroth-order wave function and its first-order correction in the case of second-order perturbation theory. 7 Formally, one can write the non-Hellmann-Feynman ͑deriva-tive͒ expression for the density as dE()/d, where E is the energy of the system and is a perturbation that represents the instantaneous electron-electron interaction ͑perturbative correlation͒.
The relaxed density may be formulated 8 in terms of the orbital Lagrangian ͑which introduces orbital rotations not unlike an incomplete MCSCF procedure͒ and the orbital Hessian A. For nonvariational methods, the relaxed density can, as demonstrated below, lead to nonphysical natural orbital occupation numbers that can be traced to the fact that the wave function has become sufficiently multiconfigurational that the method in use no longer provides an adequate description of the wave function.
In fact, the orbital Hessian A is the common factor in the various tests for multireference character. Pulay's criterion 3 for the size of an occupation number was obtained by exploring how TCSCF wave functions are related to previous work on UHF instability. UHF instability tests 4 essentially amount to the testing of the orbital Hessian for the presence of negative eigenvalues, indicating the RHF wave function is not a minimum energy solution. The orbital Hessian forms the coefficient matrix in the response equations, whose solutions result in the generalized density matrix. 7, 8 Thus, the A matrix characterizes the appropriateness of the underlying SCF wave function for the problem at hand. Note, however, that the inhomogeneity B a of the response equations AU a ϭB a depends on the sophistication of the correlation treatment. So, even if the SCF orbital Hessian exhibits UHF instability, the response contribution to the relaxed density matrix will not necessarily produce nonphysical NOON.
In the present paper, the natural orbital occupation numbers obtained using several correlated levels of theory are compared for a number of problems, including some that clearly require a multiconfiguration-based wave function and some for which this is less clear. The former include the dissociation curve of N 2 , the bend potential for singlet CH 2 , and several species that are known to be diradicals. The latter include the series H 2 EϭEH 2 ͑EϭC, Si, Ge, Sn͒. Results of these analyses are presented following an outline of the methods that are included.
II. THEORETICAL METHODS
The correlation methods explored in this paper are MCSCF within the fully optimized reaction space ͑FORS͒ 9 /complete active space SCF ͑CASSCF͒ 10 formalism, multireference singles and doubles CI ͑MR͓SD͔CI͒ from a FORS MCSCF reference space, second-order multireference perturbation theory ͑CASPT2 11 ͒, single reference secondorder perturbation theory, 12, 13 and single reference singles and doubles coupled-cluster theory perturbatively corrected for triple excitations, CCSD͑T͒. 14 Several programs were used to obtain the corresponding density matrices and associated natural orbitals. The MCSCF calculations were performed using both GAMESS 15 and MOLPRO. 16 The MR͑SD͒CI and CASPT2 calculations were also done using MOLPRO. For all of these multireference methods, the densities and natural orbitals were obtained using the expectation value method; that is, by evaluating and diagonalizing ͉⌿͉ 2 . Most of the second-order perturbation theory ͑MBPT2͒ and all of the CCSD͑T͒ calculations were performed using ACESII; 17 some second-order perturbation theory calculations were carried out with GAUSSIAN 94. 18 The natural orbitals for these single configuration-based methods were obtained by determining and diagonalizing the relaxed density matrices.
For the dissociation curve of N 2 and the bend potential for CH 2 the polarized correlation-consistent triple zeta ͑cc-pVTZ͒ basis set developed by Dunning et al. was used. 19 For methylene, this basis was augmented with diffuse functions. All of the other species were chosen based on previous calculations that have appeared in the literature. For these, the original basis sets were used, and they will be specified in the appropriate subsections below.
III. RESULTS AND DISCUSSION

A. Dissociation of N 2
The behavior of the N 2 natural orbital occupation numbers as a function of the internuclear distance R is summarized in Table I , and the corresponding energetics are plotted in Fig. 1 . To conserve space, only a subset of the points used to construct Fig. 1 is included in the table. For the MCSCF calculations, the active space includes the six electrons ͑two and four ͒ associated with the NϵN bond and the corresponding , *, , * orbitals. The MRCI and CASPT2 wave functions use this active space as their reference space.
With regard to the potential energy curves, there are only minor differences among the multireference methods, MCSCF, MRCI, and CASPT2. All three methods predict a smooth dissociation to NϩN. In stark contrast, second-order perturbation theory deviates from the other methods almost immediately and fails to reproduce the correct curve even qualitatively. Of course, this MBPT2 curve would be improved if one used the singlet unrestricted wave function, but this would result in increasingly large spin contamination 20 and eventually unidentifiable spin states. The CCSD͑T͒ energy curve is much more stable, deviating only slightly from FIG. 1. Relative energy curves for N 2 dissociation at various levels of theory using the cc-PVTZ basis set. The potential energies were all set to zero at 1.078 Å to facilitate comparison of the curve shapes.
the multiconfigurational curves through a large portion of the dissociation process. The molecule is about 75% dissociated before the deviation similar to that observed for MBPT2 begins to appear.
The behavior of the potential energy curves is mirrored in the natural orbital occupation numbers in Table I. This  table lists the occupation numbers for the , *, , * orbitals. At the equilibrium distance, the occupation numbers for the and * orbitals are nearly 2.0 and 0.0, respectively; there are greater deviations from these values for the and * orbitals. For the multiconfiguration methods, the occupation numbers change smoothly from nearly closed shell, single configuration values to six essentially singly occupied orbitals at dissociation, and the numerical values of the NOON are quite similar for these three methods. The single configuration methods are unable to treat this transformation correctly, as is already apparent from the curves in Fig. 1 . Nonphysical occupation numbers ͑greater than 2.0 and less than 0.0͒ appear along the entire potential energy curve, although these deviations are small at small distances. Particularly noteworthy is the appearance of negative occupation numbers for the second-order perturbation theory natural orbitals at Rϭ1.2 Å, the same distance at which sharp deviations begin to appear in the potential energy curve. These negative occupation numbers increase in magnitude as R increases. For CCSD͑T͒ there are occupation numbers that are slightly larger than 2.0 at smaller values of R, but negative values do not appear until Rϭ2.0 Å. As in the MBPT2 case, this is the distance at which the CCSD͑T͒ potential energy curve begins to sharply deviate from those for the multiconfiguration methods.
The occurrence of negative natural orbital occupation numbers prompted a more detailed examination of this phenomenon, by plotting the MBPT2 total electron density as a function of the NN distance, using the 6-31G(d) basis set. The first negative NOON is found at Rϭ1.5 Å. At 2.7 Å, the total MBPT2 density becomes negative in the bonding region between the two atoms, as illustrated in Fig. 2 . At R ϭ5.2 Å, there is a NOONϾ14.0 for this 14-electron system. As R increases further, the magnitude of the largest NOON continues to increase to 17 000 at 150 Å and 100 000 at 400 Å. The same general trends are found for both smaller ͑STO-3G͒ and larger ͑cc-pVTZ͒ basis sets, with the only differences being in the quantitative details, such as the distance at which the total density first becomes negative.
The foregoing results suggest that a negative natural orbital occupation number may be a reliable diagnostic for the need to use multiconfiguration wave functions. This is explored further in the following subsections.
B. CH 2 bend potential
The single determinant description of the lowest 1 A 1 state of CH 2 has a lone pair of electrons in a doubly occupied a 1 orbital. The molecule in this state is bent with a bond angle of approximately 102 deg. As the bond angle is increased, the excited 1 A 1 state, with an out-of-plane lone pair in a doubly occupied b 1 orbital, becomes lower in energy, and the a 1 and b 1 orbitals become the degenerate compo-nents of the u orbital at 180 deg. Thus, the wave function for the 1 A 1 state of CH 2 , which is dominated by a single configuration near the equilibrium bond angle, becomes dominated by two configurations as the bond angle approaches 180 deg. Table II shows the principal NOON for singlet CH 2 as a function of bond angle at various levels of theory. Figure 3 shows the corresponding bend potential energy curves with the relative energies set to zero at 102.1 deg ͑the optimum MBPT2 geometry͒. All methods produce potential curves with similar shapes near the minimum, but the existence of nonphysical NOON for MBPT2 already indicates problems with the single configuration description of the wave function. As the bond angle is increased, the single configuration approximation becomes progressively worse, and nonphysical NOON are observed for the CCSD͑T͒ method beginning around 160 deg. Up to this point, the CCSD͑T͒ occupation numbers map those of the multiconfigurational methods reasonably well. This is not the case for MBPT2, for which the NOON is essentially constant as the angle is varied.
Multireference perturbation theory eliminates the nonphysical NOON, but a new problem is revealed due to the presence of the excited 1 A 1 state, which becomes an intruder state at large bond angles. The effect of intruder states on perturbation theories has been discussed extensively in the literature. [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] In the case of CH 2 , the CASPT2 potential energy curve is artificially depressed as the angle approaches 180 deg. This produces an incorrect maximum in the potential energy curve around 155 deg. Going to the CASPT3 level of theory 31 appears to correct this improper behavior, but the height of the bending barrier is still underestimated. The higher levels of perturbation theory produced no significant changes in the NOON.
The presence of an intruder state can be handled properly by two-state multiconfigurational quasidegenerate perturbation theory ͑MCQDPT͒. 32 Two-state, second-order MCQDPT calculations were carried out for CH 2 using a CASSCF ͑6 electrons, 6 orbitals͒ wave function optimized for the equally weighted average of the two lowest 1 A 1 states. The bend potential energy curve shown in Fig. 3 is nearly identical to the MRCI curve, indicating the correctness of this approach. No NOON was obtained for the MCQDPT2 density. Alternatively, handling the intruder state by applying the ''g1 correction'' to the zeroth-order Hamiltonian, as suggested by Andersson, 33 improves the CASPT2 results and also predicts a bend potential curve ͑not shown͒ very similar to the one obtained at the two-state MCQDPT level.
The results for CH 2 demonstrate the use of nonphysical NOON as an indicator of the breakdown of the single configuration approximation. However, there is no diagnostic for the existence of an intruder state except to examine the excited state energies in the CASSCF calculation.
C. Silicon-containing diradicals
Our interest in silicon chemistry has led us to explore the mechanisms and associated molecular structures for many chemical reactions. Among these structures have been transition states and intermediates that are clearly ''diradical'' in their nature, as indicated by their MCSCF natural orbital occupation numbers. Two such structures are considered here, as well as a related species for which the configurational mixing is somewhat smaller.
The ring opening of silacyclobutane to eventually yield ethyleneϩsilene can occur via either a stepwise mechanism or a concerted one-step process. 34 In the stepwise mechanism, the first step proceeds via a transition state in which either a C-C or a C-Si bond is broken and is nearly diradical, whereas the concerted transition state has considerably less diradical character ͑configurational mixing͒. The MCSCF/6-31G(d) 35 active space used for the study of the ring opening mechanisms consisted of the eight electrons in the CC and CSi bonds and the corresponding eight bonding and antibonding orbitals. Table III lists the MCSCF, MBPT2, and CCSD͑T͒ natural orbital occupation numbers for the diradical transition state corresponding to CC bond cleavage and the concerted transition state. Only the NOON corresponding to the eight orbitals in the MCSCF active space are included in the table. For the diradical transition state, the MCSCF occupation numbers for the breaking CC bond and antibond orbitals are 1.275 and 0.726, respectively. The CCSD͑T͒ density reproduces these values very well, while second-order perturbation theory does not. The latter method has a NOON of 1.911 and 0.094 for the bonding and antibonding orbitals, respectively. Both single reference methods have nonphysical, negative NOON, so once again the negative occupation numbers appear to function as a diagnostic for the need for a multiconfiguration wave function.
The MCSCF NOON for the concerted transition state clearly suggest significant configurational mixing; in particular, the bonding/antibonding pair 1.776/0.233. Once again, CCSD͑T͒ reproduces these occupation numbers very well, while the MBPT2 values are essentially the same as those for the diradical transition state. Nonetheless, in this case the configurational mixing is relatively small, and no nonphysical NOON appear. 36 Two configuration SCF ͑TCSCF͒ calculations on this species show that it is essentially a pure diradical. The TCSCF/6-31G(d) natural orbital occupation numbers are compared in Table IV with those obtained using CASPT2, second-order perturbation theory, and CCSD͑T͒, all with the same basis set. As noted above, the TCSCF NOON are essentially 1.0 for the two orbitals in the active space. Those obtained with CASPT2 are very similar; the slight differences reflect the fact that all valence orbitals are correlated in the CASPT2 calculation. Unlike the two previous examples, in this case CCSD͑T͒ is unable to fully capture the diradical character, as monitored by the NOON values of 1.343 and 0.643. Concomitantly, CCSD͑T͒ has one negative occupation number. As we would by now expect, MBPT2 has even more problems. The two main active or-bitals have occupation numbers of 1.742 and 0.253, as well as two negative NOONs. The negative NOONs alone suggest that MBPT2 and CCSD͑T͒ are levels of theory that should not be used for this problem; this is consistent with the diradical character indicated by the MCSCF and CASPT2 results.
D. Ethylene analogs
It was noted in a previous paper 37 that the diradical character of H 2 EϭEH 2 increases in the order EϭC, Si, Ge, Sn, based on the results of MCSCF͑4,4͒/3-21G* calculations. The results of these calculations are compared with the NOON obtained from MBPT2 and CCSD͑T͒ in Table V . Since the and * occupation numbers are close to 2.0 and 0.0, respectively, only the and * results are listed in the table. The CCSD͑T͒ occupation numbers follow those of the MCSCF calculations, while the MBPT2 values are essentially constant. Even so, the smallest occupation number is 1.80 for EϭSn, so while there are MBPT2 and CCSD͑T͒ NOONs slightly greater than 2.0 for all elements except C, there are no negative values. It is therefore likely that CCSD͑T͒ will be a reliable level of theory for each of these species.
E. Basis set effects
It is reasonable to consider the dependence of the foregoing analyses of natural orbital occupation numbers on the quality of the basis sets used for the calculations. To this end, the long distance portion of the CCSD͑T͒ N 2 dissociation curve has been reconsidered using several of the correlationconsistent basis sets, ranging from cc-pVDZ to cc-pV5Z. 19 The results of these calculations are summarized in Table VI, for R ͑NN͒ ranging from 1.6-2.2 Å. One may draw several conclusions from this table: ͑a͒ The CCSD͑T͒ does not converge for any of these distances when the smallest basis set, cc-pVDZ, is used; the longest NN distance for which convergence is obtained with this basis set is 1.4 Å; ͑b͒ While the next largest basis set, aug-cc-pVDZ, does converge for all distances in the table, there are quantitative, but not qualitative, differences between the NOON obtained with this basis set and the others; ͑c͒ As the basis set is improved further, there are only small quantitative changes in the occupation numbers as R increases, although the NOON for the ''active'' orbitals do slowly approach those obtained with the multireference wavefunctions; ͑d͒ Nonetheless, negative NOON appear at 1.8 Å for all but one basis set ͑cc-pVTZ͒, many negative NOON occur for all basis sets at 2.0 Å, and large numbers of nonphysical NOON appear at 2.2 Å; ͑e͒ As already illustrated in Fig. 1 , the CCSD͑T͒ energy suddenly drops precipitously at 2.2 Å, another signal that the single reference method is failing here. So, while improving the basis set does result in slight quantitative modifications, at very large cost for any molecule of reasonable size, the fundamental behavior described in previous paragraphs is unaltered. Similar conclusions can be drawn by improving the basis sets used for the other molecules considered in this work. For example, the results obtained with the cc-pVTZ basis set for Table IV . Again, while the NOONs for the active orbitals are closer to those obtained using multireference wave functions, the negative NOON is essentially the same as that for the smaller basis set, reflecting the need for a multireference description.
The T 1 diagnostic that single configuration wave functions may be suspect ͑for T 1 Ͼ0.02) has been applied to several compounds by the developers of this technique. In Table VII a subset of these compounds, their T 1 values, and those MBPT2 and CCSD͑T͒ natural orbital occupation numbers that are outside the physically acceptable range of 0-2, all calculated with the aug-cc-pVTZ basis set, are listed. The table is sorted in order of decreasing T 1 . For all of these molecules, the CCSD͑T͒ NOON are within the physical range or only very slightly outside the range. On the other hand, the preponderance of negative MBPT2 NOON is striking. The overall trend is that as T 1 decreases, the occurrence of negative MBPT2 NOON and the frequency of such values decreases, but this is certainly not monotonic. To probe the basis-set dependence of these results, the MBPT2 NOON were determined for the same set using the cc-pVTZ and cc-PVQZ basis sets. The results are given in Table VIII , where the aug-cc-pVTZ values are repeated for ease of comparison. The simple molecules H 2 O and HF are better behaved when the diffuse functions are removed from the basis set, but there are still small negative NOONs with the larger basis. Indeed, overall the behavior of second-order perturbation theory deteriorates as the size of the basis set is increased. Similar disturbing behavior has been noted by Olsen and co-workers. 38 Finally, consider the apparently simple Ne atom, for which one expects a single-configuration RHF-based wave function to be a reasonable approximation. For the cc-pVTZ basis set, the largest natural orbital occupation number obtained from an MCSCF͑8,8͒ wave function is only 0.013. So, this is not a system for which one expects a breakdown of second-order perturbation theory due to the need for a multiconfiguration wave function. Previously, Olsen et al. 38 have analyzed Ne to infinite order using the cc-pVDZ, aug-cc-pVDZ, and cc-pVTZ basis sets and found that the augmented basis set causes divergence of the perturbation expansion. In the current work, the MBPT2 NOON have been calculated with several of the correlation consistent basis sets. For the cc-pVDZ, cc-pVTZ, and cc-PVQZ basis sets, no negative NOON occurs. However, for the two largest nonaugmented basis sets, cc-pV5Z and cc-pV6Z, NOON of Ϫ0.000 01 and Ϫ0.000 03, respectively, appear. For the augmented double, triple, quadruple, and pentuple basis sets, one obtains NOONs of Ϫ0.000 08, Ϫ0.000 06, Ϫ0.000 04, and Ϫ0.000 04, respectively. While the magnitudes of these negative occupation numbers are small, their occurrence is disturbing. Since these results appear to track those of Olsen and co-workers, the appearance of negative NOONs once again appears to be a reliable and physically meaningful diagnostic for wave functions that may be unreliable.
IV. CONCLUSIONS
In this paper, we have demonstrated that a simple and apparently consistent diagnostic for the need for a multireference treatment is provided by the occurrence of nonphysical ͑especially negative͒ natural orbital occupation numbers obtained by diagonalizing the density matrix that is obtained from correlated single reference methods. Since the natural orbitals are readily obtained for most single reference methods that are provided in popular computational chemistry codes, this diagnostic is easily applied and is therefore recommended by the authors. While only the results for second- Ϫ0.000 04, Ϫ0.000 15, Ϫ0.000 20, Ϫ0.000 10, Ϫ0.000 12, Ϫ0.000 23, Ϫ0.000 25, Ϫ0.000 67, Ϫ0.001 52
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Ϫ0.000 02, Ϫ0.000 22͑2͒ none Ϫ0.000 01 H 2 O Ϫ0.000 11, Ϫ0.000 38 none Ϫ0.000 01 order perturbation theory and coupled-cluster methods have been presented here, similar results are obtained for fourthorder perturbation theory. It is also noteworthy that CCSD͑T͒ performs extremely well for systems that have significant multiconfiguration character and for which second-and fourth-order perturbation theory breaks down. Clearly, CCSD͑T͒ is the single reference method of choice.
